Observations of the extragalactic radio background have uncovered a significant isotropic emission across multiple frequencies spanning from 22 MHz to 10 GHz. The intensity of this non-thermal emission component significantly exceeds the expected contribution from known astrophysical sources. Interestingly, models have indicated that the annihilation of dark matter particles may reproduce both the flux and spectrum of the excess. However, the lack of a measurable anisotropy in the residual emission remains challenging for both dark matter and standard astrophysical interpretations of the ARCADE-2 data. We calculate the expected synchrotron anisotropy from dark matter annihilation and show that these models can produce very small anisotropies, though this requires galaxy clusters to have large substructure contributions and strong magnetic fields. We show that this constraint can be significantly relaxed, however, in scenarios where electrons produced via dark matter annihilation can be efficiently reaccelerated by Alfvén waves in the intra-Cluster medium. Our analysis indicates that any source capable of explaining the intensity and isotropy of the extragalactic radio excess must have a spatial extension far larger than typical for baryons in galaxies, hinting at a novel physics interpretation.
I. INTRODUCTION
Recently, the ARCADE-2 (Absolute Radiometer for Cosmology, Astrophysics and Diffuse Emission) collaboration reported an excess in the absolute temperature of the diffuse isotropic sky at frequencies between 0.022-90 GHz [1] . This analysis utilized data taken with both the ARCADE-2 instrument between 3-90 GHz [2] as well as low-frequency observations including those reported by [3] [4] [5] [6] . After subtracting emission from the cosmic microwave background, the isotropic residual is found to have an absolute temperature falling as T(ν) ∝ ν −2.6 , with detectable emission at frequencies as high as 10 GHz.
This excess emission is difficult to explain with known astrophysical mechanisms. Models of the isotropic emission from the Milky Way predict an intensity that is a factor of a few too small to explain the observed signal. Specifically, these galactic components are constrained by null observations in CII Hα and H2 studies [2, 7] . Extrapolations of the luminosity function of extragalactic source populations, such as radio galaxies, fail to reproduce the total intensity of the ARCADE-2 signal by a factor of 3-6 [8, 9] . Additional astrophysical models were also investigated, including: (1) the diffuse backgrounds due to the propagation of free electrons, (2) additional low surface brightness objects, (3) radio supernovae, and (4) radio-quiet quasars. All of these models were found to be incompatible with the observed excess [8] .
Dark matter annihilation may provide an additional source of electrons and positrons capable of powering the ARCADE-2 emission through synchrotron emission [10] . This explanation is motivated by the fact that dark matter annihilation is expected to occur in all high density regions, producing a relatively isotropic synchrotron signal over the extragalactic sky. Additionally, since dark matter annihilation can produce copious electrons without a corresponding thermal emission, dark matter annihilation naturally explains the high ratio of radio to IR intensity -an observation that is difficult to fit with baryonic emission mechanisms. Subsequent investigations determined that the emission intensity and spectrum resulting from the annihilation of relatively low mass (m χ < ∼ 100 GeV) dark matter provided a reasonable fit to the ARCADE-2 excess. These classes of models are additionally motivated as an explanation to the γ-ray excess observed near the galactic center of the Milky Way [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
However, a recent analysis by Holder [22] employed observations by the Australia Telescope Compact Array (ATCA) and the Very Large Array (VLA) at 4.86 GHz, 8.4 GHz and 8.7 GHz [23] [24] [25] , and showed that the anisotropy of the excess emission is significantly lower than expected from any source population that traces large scale structure. This observation challenges both dark matter and standard astrophysical explanations for the ARCADE-2 data. Notably, in order for a source population tracing large scale structure to have the anisotropy measured in VLA observations ( T /T CMB < 1.4 × 10 −5 at 8.7 GHz), the emission must originate before z ≈ 5 [26] .
It is not trivial, however, to directly translate the anisotropy of large scale structure to the expected anisotropy of synchrotron radiation produced via dark matter annihilation. For example, it was pointed out by Holder [22] that sources with significant spatial extension ( > ∼ 1') may smear out the observed anisotropy in high angular resolution radio surveys. In addition, the luminosity spectrum of dark matter emission halos (dN/dL) may not correlate with the baryonic density, producing a very different anisotropy signature compared to galactic structure.
Additionally, a recent analysis by Vernstrom et al. [27] examined the 1.75 GHz sky found that the sky temperatures could not be produced by any population of sources with individual fluxes greater than 1 µJy and sizes smaller than 2 . Using these results, they argue that the ARCADE-2 emission is difficult to explain with any known source class, requiring an extremely large population of very faint radio emitters. Specifically, the models of [27] rule out emission from AGN, starburst galaxies, and radio galaxies, and appear inconsistent with models of dark matter annihilation.
In this paper, we directly compute the anisotropy and source-flux distribution of the synchrotron signal from dark matter annihilation, under a wide variety of assumptions. The null observations of anisotropy from the extragalactic radio background strongly constrain many dark matter scenarios for the ARCADE-2 excess, forcing our models into a regime of parameter space where the magnetic field of galaxy clusters has a relatively large spatial extent, and the dark matter annihilation rate in clusters contains a significant contribution from dark matter substructure. However, we find regions within this parameter space where dark matter annihilation can produce the intensity and spectrum of the ARCADE-2 excess while remaining consistent with the radio isotropy and the paucity of bright point sources. In addition, we discuss an alternative model that could avoid large substructure contributions and strong magnetic fields by invoking the reacceleration of electrons via Alfvén waves powered by cluster mergers. Intriguingly, our results show that any emission mechanism aiming to explain the ARCADE-2 emission without overproducing the observed anisotropy must be dominated by arcminute-scale objects, rather than galactic emission. Noting that there is no baryonic mechanism that is known to produce smooth radio emission on cluster-sized scales with negligible galactic emission, we argue that the low-anisotropy of the ARCADE-2 excess instead hints at a dark matter explanation.
The outline of the paper is as follows. In Section II we note that the constraints on radio anisotropy produced by Holder [22] can fluctuate significantly based on uncertainties in the intensity of the ARCADE-2 emission at high frequencies. In Section III we produce a complete model for the anisotropy of synchrotron radiation from dark matter annihilation. In Section IV we calculate the expected radio anisotropy of dark matter annihilation under a multitude of model assumptions. In Section V show that the reacceleration of electrons by Alfvén waves in cluster shocks can significantly enhance the dark matter synchrotron signal. Finally, in Section VI we describe the implication of our results for interpretations of the ARCADE-2 excess.
II. THE MEASURED ANISOTROPY OF THE ARCADE-2 EXCESS
At high frequencies ( > ∼ 1 GHz), the flux from the ARCADE-2 excess forms a subdominant contribution to the observed antenna temperature, making it difficult to directly measure the anisotropy of the excess. Fortunately, the total radio power is dominated by the CMB, which is highly isotropic compared to large scale structure. This makes it likely that the ARCADE-2 signal dominates the total temperature anisotropy. Using measurements from the Very Large Array (VLA) at frequencies of 4.86 GHz and 8.4 GHz [23, 24] , and the Australian Telescope Compact Array (ATCA) at 8.7 GHz [25] , Holder [22] converted the limits from the measured temperature variance T /T CMB into an upper limit on the anisotropy of the ARCADE-2 emission using the relation:
where T excess is the temperature of the residual background from unresolved radio sources:
T counts is the expected temperature of the radio sky by extrapolation of known source counts [9] :
and T arcade is the radio temperature reported by the ARCADE-2 collaboration [1] . Finally, the upper limits on C l is simply calculated by:
which can be directly compared to theoretical models of the synchrotron anisotropy from dark matter annihilation. In Holder [22] , T arcade was calculated using an analytic spectrum fit to the ARCADE-2 data [1] ,
However, we note that this interpolation relies on the assumption that the emission producing the ARCADE-2 excess has a power-law spectrum, which may be violated in many dark matter models. Notably, there are significant uncertainties in the intensity of the ARCADE-2 excess above ∼ 4 GHz, allowing for a temperature excess that falls below the value predicted by T fit by more than an order of magnitude. These temperature uncertainties propagate into uncertainties in the synchrotron anisotropy (C ) as outlined above, allowing for significantly higher anisotropies in the cases where T excess has been overestimated. For the remainder of this work, we will directly compute the anisotropy constraints independently for each proposed model based on the excess temperature from dark matter synchrotron predicted in the VLA and ACTA bands by each individual model.
III. MODELS FOR THE SYNCHROTRON ANISOTROPY FROM DARK MATTER ANNIHILATION
A detailed mathematical model for calculating the anisotropy of extragalactic dark matter annihilation has already been developed by [28] (see also [29] ) and has been applied to models of the dark matter synchrotron anisotropy by [30] . In this work, we will follow this mathematical model closely, with the exception of several alterations which will be noted in this section. At energy E s , the mean intensity and angular power spectrum of the synchrotron emission from dark matter annihilation can be written as:
where k= /χ, χ is the comoving distance at redshift z (dχ/dz = c/H(z) with H the Hubble parameter and c the speed of light). The clumping factor δ 2 (z) is the variance of the dark matter overdensity, δ ≡ (ρ − ρ )/ρ, and is given by:
where u is the square of the density profile of a dark matter halo of mass M at redshift z:
The window function W encodes the emission intensity stemming from dark matter annihilation:
where σv is the thermally averaged cross-section times velocity for dark matter annihilation, ρ c is the critical density, Ω DM is the fractional density of dark matter in the universe, M DM is the mass of the dark matter particle, and dN s /dE s is the synchrotron emission intensity for a given dark matter density profile which we will discuss in Sec. III D.
Finally, τ (z) is the optical depth of radio emission as a function of redshift. We note that for radio emission above 10 MHz, the universe is roughly radio transparent [31] , and we will neglect this parameter in what follows (set τ (z) = 0). We begin our integration at z=0.001 in order to remove nearby sources [28] . The upper limit should be taken to correlate with the maximum redshift for the formation of large scale structure. In our calculations we take an upper limit z max = 5. Practically, however, the signal is dominated by emission within z < 1, and thus the exact choice of z max is immaterial. The cosmological parameters used in this work are taken from Komatsu et al. [32] , which were calibrated by combining the WMAP data with the distance measurements from the baryon acoustic oscillations (BAO) in the distribution of galaxies and the Hubble constant (H 0 ) measurement.
A. The Synchrotron Anisotropy Calculation
In Equation 7, P(k,z) is the power spectrum of the dark matter overdensity squared, encoding all morphological information about the size and luminosity distribution of dark matter halos. The term P(k,z) can be broken down into a one-halo and two halo term [28] ,
where the one-halo term denotes correlations between particles within the same halo,
and the two-halo term denotes correlations between particles in two distinct halos:
Hereũ(k, M ) is the Fourier transform of u(r, M ), dn/dM is the halo mass function for primary halos, b(M,z) is the linear biasing term which describes the source clustering, and P lin is the linear matter power spectrum given by the primordial linear power spectrum and multiplied by the transfer function. In our calculation we follow Cooray and Sheth [33] for b(M, z) and Eisenstein and Hu [34] for P lin . The mass function, dn/dM is given by:
where ρ m is the mean density of the universe at the epoch of analysis, ρ m (z) = ρ m (0) (1 + z) 3 , and σ(M, z) is the rms variance of the linear density field smoothed on a top-hat window function R = (3M/4πρ m ) 1/3 ,
whereW (kR) is the Fourier transform of the real-space top-hat window function of radius R [35] . In our work we compute σ(M,z) with CosmoloPy 1 . For f (σ) we use the mass function multiplicity described by Sheth and Tormen [36] , which is a modification of the standard Press-Schechter mass-function [37] .
Electrons and positrons produced via dark matter annihilation then diffuse and produce synchrotron radiation in the halo magnetic field, or up-scatter CMB photons to γ-rays by an inverse Compton process. Working under the assumption that these electrons cool faster than they appreciably diffuse (and thus the synchrotron signal from a given location is dependent only on the local annihilation rate) 2 , the synchrotron intensity from dark matter annihilation can then be written as:
where
where the first term is the ratio of the local magnetic field energy density to the CMB energy density, and specifies the fraction of the total lepton energy which is converted to synchrotron radiation as opposed to the inverse Compton scattering of CMB photons. Notably, the energy density of the CMB is equivalent to the energy density from a magnetic field of strength B CMB = 3.24(1 + z) 2 µG. For magnetic field values larger than this, the majority of the electron energy will be converted to synchrotron radiation (with negligible improvements in total power for larger magnetic field values), while for magnetic fields below this limit the total synchrotron power will fall approximately as B 2 . The second term specifies the fraction of the lepton energy which is converted to synchrotron radiation before the relativistic leptons leave the cluster, and the last term F s gives the fraction of synchrotron emission which contributes at a specific frequency. This value has a radial dependence via the radial dependence of the halo magnetic field. We will show in Sec. III D that f esc ∼ 0 and F s ≈ 1. Note that in all cases 0 ≤ S eff ≤ 1. In the next few sections we will discuss our models for S eff in great detail.
B. Dark Matter Density Profiles
The local dark matter density profile, ρ DM (r,M ) is calculated using a generalized NFW profile [38] given by:
where γ is the inner slope of the dark matter profile, which is set to 1 in the default NFW analysis. Utilizing recent evidence that the dark matter in galaxy sized objects may be adiabatically contracted near the galactic center, we additionally analyze models where γ = 1.3 in objects 10 10 -10 12 M [39] . However, we find that this has only a marginal effect on our results. The parameter r c is the core radius of the dark matter profile, and is calculated from the virial radius and the concentration parameter as r s = r vir /c vir , and we use a redshift dependent model for the concentration parameter c vir given by Klypin et al. [40] . The virial radius, r vir , is determined through the relation: M = 4πr
2 )/(x+1) and x = Ω M (z)−1 [41] . The value of ρ 0 (M ) is then calculated to set the total mass M within the virial radius. For γ = 1 this can be solved analytically [29] :
In addition to the smooth dark matter component given by the NFW profile, the annihilation rate of dark matter can be boosted by substructure in the dark matter distribution both inside and around the host halo. In our calculations, we adopt the probability distribution function of the dark matter profile in Kamionkowski et al. [42] , which is calibrated to the results of the Via Lactea simulation [43] . Thus the mean density squared at given radius is calculated by:
for a galaxy-sized halo [42] . The parameter f s is the fraction of the dark matter mass in the smooth halo within the volume of the halo. Then 1 − f s is the fraction of the high-density clumped component, and is approximated by [42] 
This gives a total fraction of 1% for the high-density clumped component in the volume of the halo, and an integrated boost factor of 20.5 within the virial radius of a Milky Way-sized halo. We then scale the boost factor by M 0.39 halo for larger and smaller halos [44] . We note that the contribution from dark matter substructure can extend well beyond the virial radius of the host halo [45] [46] [47] . In order to account for the contribution from substructure outside of the virial radius, we extrapolate the density distribution function of Kamionkowski et al. [42] out to a radius r sub = 1 − 10 r vir . For a Milky Way sized halo, r sub = 4 r vir would result an integrated boost factor of 74.7. This boost factor is consistent with the results of the Aquarius simulation [45, 48, 49] , but is disfavored by Sánchez-Conde and Prada [50] .
C. Magnetic Fields
In order to generate the observed synchrotron intensity, we must convolve our dark matter annihilation model with a magnetic field model for dark matter structures of different masses. In order to calculate the contribution from cluster-sized halos, which we define here to consist of halos greater than 2 × 10 12 M , we adopt the same formalism as in [44] which gives the magnetic field as a function of the radial distance from the center of the cluster to be:
where B 0 = 40µG is our default magnetic field at a mass M 0 = 10 14 M , α controls the dependence of the maximum magnetic field strength on the mass of the cluster in consideration, but is set to 0.0 in our default model. We take 3β to be the slope of the gas profile at r r c , with β = 0.6, and η to be the falloff of the magnetic field from the center of the distribution, which we take to be η = 0.5. We define the core radius of the magnetic field model to be equivalent to r c = 0.05 R vir where R vir is the virial radius of the cluster. For galaxy-sized halos with magnetic fields dominated by their dense baryonic cores, we take a two part magnetic field model which adopts the larger of the two following magnetic fields:
where B 1 = 7.6 µG and R 1 = 0.025 R vir and B 2 = 35 µG with R 2 = 0.008R vir . The latter magnetic field is added to account for the large magnetic fields observed in the center of the Milky Way galaxy [51] . We note that these radial values are given by the best fit radial profiles to those models adopted in [44] .
An important uncertainty concerns the extension of the magnetic field out to scales near the virial radius in cluster-sized objects. Recent studies have inferred magnetic field intensities between 0.1 and a few µG at the virial radius [52] [53] [54] . Simulations of the cluster magnetic turbulence have suggested smaller values on the order of 0.1 µG, while observations of radio relics support magnetic field strengths that can be even larger than 3 µG [55, 56] . Equipartition models suggest a still larger magnetic field, with an intensity of approximately 10 µG around the virial radius [57] . In this work, we supplement the magnetic field models discussed above by setting a lower-limit, B sub , on the magnetic field intensity that extends to the end-point of our simulation (at r sub ). 12 M (red) halo up to the virial radius. The dashed lines correspond to the radial profiles of the best fit magnetic field models adopted in Hooper et al. [44] (as demonstrated by Eqn. 22 for a cluster-sized halo and Eqn. 23 for a galaxy-sized halo). The solid lines represent the magnetic field models used in this work, where in addition to the best fit models, a lower-limit, B * sub = 4µG for a 10 14 M halo (corresponding to 1µG for a 10 12 M halo) is set to the field strength at large radii.
In particular, we take into account the mass dependence of this minimum magnetic field as:
where B * sub is minimum for a 10 14 M halo, and in our calculation we take α = 0.3. In different models we allow the intensity of this magnetic field component to fluctuate. In Fig. 1 we compare the radial profiles of the magnetic field models in a cluster-sized (10 14 M ) halo and a galaxy-sized (10 12 M ) halo for B * sub = 4µG and B * sub = 0. The choice of B * sub > 0, produces strong magnetic fields at large radii, which may be at odds with cluster observations. However, these magnetic fields are included in order to probe the parameter space of dark matter fits to the ARCADE-2 excess.
D. Synchrotron Spectral Models
The steady state distribution of the e + e − injected via dark matter annihilation can be solved using the continuity equation [44] :
The first term describes particle diffusion inside the cluster magnetic field. The diffusion coefficient for Kol-mogorov diffusion in the Milky Way has been calculated to be approximately [58] :
For this diffusion constant, the typical energy loss time scale from electron escape would be:
for a Milky Way sized halo with a typical diffusion scale of L ∼ 2 kpc. In comparison, the energy loss timescale for relativistic leptons from a combination of inverse Compton scattering and synchrotron emission occur on a characteristic timescale of:
Thus, for galaxy sized halos, diffusion is not entirely negligible, and may decrease the total synchrotron power. However, in cluster sized halos, the diffusion scale, L, increases significantly, while the interstellar-radiation field and magnetic field energy densities are likely to increase, making τ loss /τ esc 1 and thus f esc ≈ 0. T. As most of the synchrotron signal in our model is contributed by cluster-sized halos, we neglect the effect of diffusion and simplify Eqn. 25 by setting the first term to zero.
In this limit, a steady-state e + e − spectrum can be calculated as:
where b is the energy dissipation rate through inverse Compton and synchrotron processes,
and where σ T is the Thomson cross section. Then the spectrum of synchrotron emission is given by
dx is the Synchrotron function and K 5/3 is the modified Bessel function. An accurate fitting formula of F (x) [59] is used in our work, to increase processing speed.
The critical frequency of synchrotron emission is determined by a There are 10 degrees of freedom. We note that our calculation of χ 2 removes the datapoint at 7.97 GHz, which has an extremely small statistical error, but appears to have systematic problems. This approach was advocated by the ARCADE-2 team [2] .
The peak of the synchrotron emission spectrum occurs at ν/ν c ∼ 0.29, which is approximately 2 GHz for an 10 GeV electron, near the frequency of present radio observations. In this case, the synchrotron spectrum is relatively flat for radiation produced in regions with different magnetic field strengths. We find that the majority of our emission stems from regions where the magnetic field varies only between 5-10µG. This changes the frequency of the peak synchrotron emission by only a factor of two, leading to a smaller than 10% change in the total synchrotron intensity at energies near the peak. Thus, in these models we assume that the magnetic field strength used to calculate dN s /dE s is fixed to be 5 µG. In this case, the contribution of the synchrotron intensity to Eqn. 7 falls out entirely, as it is cancelled by the mean synchrotron intensity I γ . We will not consider this spectral term any further and in everything that follows we assume F s = 1 in Eqn. 17.
IV. RESULTS
A thorough examination of the spectral models which fit the ARCADE-2 excess has already been presented in Hooper et al. [44] . However, different spectral models also produce different anisotropies through their effect on the total dark matter flux above 4 GHz in models that are similarly normalized to fit the ARCADE-2 excess at lower frequencies. In this work we focus on relatively low-mass dark matter models for two particular reasons. First, low-energy electrons efficiently produce synchrotron emission at low-frequencies while producing a smaller fraction of high frequency synchrotron radiation. This has the effect of decreasing the necessary electron production rate and decreasing the anisotropy in high frequency observations, as shown in Section II. Second, these models are well motivated by their ability to explain the γ-ray signal observed in the Galactic Center by the Fermi-LAT telescope [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
A. Dark Matter Models
In Table I we list the input parameters of three different base models. For each case, we have allowed The contribution to the isotropic radio background from dark matter particles with a mass of 50 GeV annihilating to bb, as motivated by models of the galactic center excess [21] (Case I in Table I ). The annihilation cross section has been chosen to fit the data. We adopt a substructure distribution that is calibrated to the Via Lactea simulation [42] , but extrapolated to a maximum radius r sub = 8 rvir. the annihilation cross-section (<σv>), the maximum radius of our simulation (r sub ) and the maximum magnetic field strength which extends to the limit of the simulation (B sub ) to float in order to achieve the best fit to the temperature spectrum without overproducing the observed anisotropy. We will now discuss each case independently, in light of both its feasibility as a model for the ARCADE-2 excess, and also in light of constraints from other indirect detection studies.
Case I consists of a 50 GeV dark matter particle annihilating to bb final states, which was characterized as a reasonable fit to the γ-ray excess in the inner galaxy [21] . In Figure 2 , we calculate the radio temperature produced by this model as a function of frequency (top) and the anisotropy of the dark matter emission, compared to constraints from [22] . We find that the softspectrum from annihilations to bb final states is a relatively poor fit to the spectrum of the excess at frequencies above ∼300 MHz. The model thus provides a poor fit to the ARCADE-2 data (χ 2 = 72.64), indicating that a harder leptonic component is necessary in order to reproduce the spectrum of the excess. Additionally, we note that annihilations to heavy quark final states convert a negligible fraction of their annihilation energy to e + e − pairs, and a large fraction of their annihilation to γ-rays. Thus, this model requires both extremely large magnetic field and substructure contributions (r sub = 8 r vir , B * sub = 8 µG), as well as an annihilation cross-section of 3.0 × 10 −26 cm 3 s −1 , which exceeds the best fit crosssection of the galactic center excess by about a factor of two, and is currently in moderate tension with the most recent constraints from dwarf-spheroidal galaxies [60] [61] [62] [63] .
Before moving on, however, it is worth noting the effect of a relatively soft temperature spectrum on the radio anisotropy limits. Note that the limits from Holder [22] are calculated based on the total antennae temperature at 4.86, 8.4 and 8.7 GHz and the bb emission produces a negligible fraction of the total antennae temperature at these frequencies. Thus, the anisotropy of this model can be extremely large without overproducing the total radio anisotropy. Note that in each case the specific limits on the anisotropy of the dark matter synchrotron emission are recomputed based on the total power of the ARCADE-2 excess at each test frequency.
Case II assumes the annihilation of an 8 GeV dark matter particle democratically to leptonic final states (i.e. 33% to e + e − , 33% to µ + µ − , and 33% to τ + τ − ). This model produces a harder input electron spectrum, greatly improving its fit to the ARCADE-2 data. In Figure 3 , we again plot the dark matter fit to the ARCADE-2 spectrum (top) and the anisotropy (bottom). In this case we find that the spectrum of the radio emission fits observations well up to a frequency of ∼4 GHz, when it begins to fall below the best fit observations. We note that the statistical fit to the ARCADE-2 data is still poor, (χ 2 = 44.58). However, we note that this statistical fit includes only statistical errors in the ARCADE-2 excess, while large systematic errors due to foreground subtraction, and the existence of undetected point sources, may also be present [1, 2] . We thus consider this to be a reasonable fit to the ARCADE-2 data. Due to the diminished intensity at high frequencies, the signal is consistent with current constraints on the ARCADE-2 anisotropy, with the strongest constraints stemming from relatively low-frequency observations at 4.86 GHz. Moreover, due to the efficient conversion of the dark matter annihilation power into e + e − pairs, the limits on the dark matter substructure contribution and the cluster magnetic field Table I , where the dark matter is assumed to have a mass of 8 GeV and annihilate democratically to leptonic final states (33% to e + e − , 33% to µ + µ − and 33% τ + τ − ) [13, 64, 65] . In this case, the dark matter substructure is required to extend only to r sub = 4 rvir and the lower limit on the magnetic field is only B * sub = 4 µG. This model provides a χ 2 = 44.58 fit to the excess data while remaining consistent with the upper limits of the anisotropy. In this figure we additionally include the sub-contributions to the total ARCADE-2 temperature stemming from dark matter halos of various masses. In this figure we additionally show the contributions from four mass groups: M < 10 10 M (thin dashed), 10 10 M < M < 10 12 M (dotted), 10 12 M < M < 10 14 M (dash-dot), and M > 10 14 M (thick dashed).
are significantly reduced to values of r sub = 4 r vir and B * sub = 4 µG.
In Figure 3 , we additionally break down the total ARCADE-2 temperature spectrum into contributions based on the size of the galactic halo in question. We find that the total synchrotron emission is mostly split between halos with masses between 10 12 -10 14 M , and halos with masses >10 14 M , with negligible contributions from smaller halos. This indicates that the majority of the ARCADE-2 emission is produced by structures significantly more massive than the Milky Way.
Finally, in Case III, we assume a dark matter model that couples to all charged standard model particles, with a coupling constant proportional to the square of the particle charge. Such a coupling is well motivated in models where dark matter annihilates through a dark photon that kinetically mixes with the standard model photon. In Figure 4 we take a dark matter mass of 23 GeV, and find a reasonable match to both the temperature (χ 2 = 56.65) and the anisotropy of the ARCADE-2 excess. Due to the slightly less efficient conversion of annihilation power into e + e − pairs, a larger magnetic field is necessary than in case II, and we take values of r sub = 8 r vir and B * sub = 8 µG.
In Figure 4 we additionally decompose the total contribution to both the synchrotron temperature and the anisotropy into different redshift bins, assuming a frequency of 1 GHz for the anisotropy calculation. We show results for z < 0.1 (dashed), 0.1 < z < 1 (dotted), and 1 < z < 5 (dot-dashed). We find that the total antennae temperature is produced mostly by emission in the region 0.1 < z < 1, with an important contribution from sources at z < 0.1. Emission from redshifts z > 1 provide less than 5% of the total synchrotron power. This is primarily due to the fact that the CMB energy density increases rapidly with redshift and provides the dominant mechanism for electron energy loss at high redshifts. The redshift dependence of the anisotropy is more straightforward to understand, nearby sources produce emission on relatively large patches of the sky, and thus contribute anisotropies primarily at low-multiples. High redshift sources contribute anisotropies at much smaller angular scales. Note that the anisotropies at high multipole continue to be dominated by objects at moderate redshift, rather than high redshift sources, due to the much larger intensity of sources in the region 0.1 < z < 1.
In Figure 5 we show the cumulative fractional intensity of the ARCADE-2 excess provided by structures with various intrinsic angular scales. In particular, we determine the angular size of a source as the radius that encloses half of its total synchrotron flux. Interestingly, we find that in both Case II and Case III, the intensity of the ARCADE-2 emission is dominated by structures larger than the 2' cutoff employed by Vernstrom et al. [27] . This result is specific to dark matter models, where the majority of the emission is produced by cluster-scaled objects, and the magnetic field and substructure contributions can extend farther than the virial radius. As a note, the changes in the shape of the cumulative fractions at around 0.3 arcminute for Case II and 1 arcminute for Case III are produced by the change in the magnetic field models for galaxy-sized halos and cluster-sized halos (see Eqn. 22 and 23 for details). As a result of their condensed magnetic field structure, the angular sizes of halos with mass lower than 10 12 M are mostly less than 0.01 arcminute.
As discussed in Section III C, large uncertainties exist in the modeling of dark matter substructure and cluster magnetic fields. In order to understand the dependence of our results on these two factors, we scan the param- Table I . Specifically, we assume a dark matter particle with a mass of 23 GeV annihilating to all kinematically accessible standard model final states with a coupling constant proportionally to the square of the charge of the standard model particle. For this model we extend the substructure contribution out to r sub = 8 rvir. The lower limit of the magnetic field that extend to r sub is taken to be B * sub = 8 µG. This model provides a poor fit (χ 2 = 56.65) to the excess data due to the soft intensity spectrum. As a consequence, the upper limits on the anisotropy of this small portion of signal at 5 − 9 GHz are high. In this figure we additionally show the contributions to the total temperature from structure at distances 0 < z < 0.1, (dashed), 0.1 < z < 1.0 (dotted), and 1 < z < 5, (dash-dot).
eter space of r sub and B * sub for our case II and case III dark matter models. In Figure 6 , we show the resulting χ 2 fits to the ARCADE-2 temperature spectrum. We note that in each simulation the dark matter annihilation rate is allowed to float in order to achieve the best fit to the ARCADE-2 excess, but a model is disregarded if it exceeds the anisotropy constraints from [22] . For the 8 GeV dark matter model, the best fit χ 2 ≈ 40 can always be realized when r sub > ∼ 4 r vir and B * sub > ∼ 4 µG. Strong anisotropies would be produced if dark matter substructure stops contributing to the total annihilation rate at a distance smaller than 2 r vir . In order for the The cumulative fractional contribution from dark matter structures of different sizes to the intensity of the ARCADE-2 excess. The angular size of a source is calculated as the radius that encloses half of the total synchrotron flux of the main halo. In Case II, with relatively small magnetic fields and maximum substructure contributions, 81% of the emission is contributed by structures larger than 2'. In Case III, these large scale structures produce 96% of the total emission. Since these structures are not resolved in the analysis of Vernstrom et al. [27] , it may be possible for dark matter to produce the intensity of the ARCADE-2 signal without overproducing the number of observed radio sources.
emission from this region to remain relevant, the model also demands that the minimum magnetic field exceed 4 µG for a 10 14 M halo (corresponding to 1 µG for a 10 12 M halo). For our case III model, the smaller e + e − power necessitates larger substructure contributions and magnetic field strengths, finding reasonable fits only if r sub > ∼ 8 r vir and B * sub > ∼ 8 µG.
B. Multimessenger Constraints
In the previous subsection, we have shown that our case II and case III models provide reasonable fits to the spectrum and isotropy of the ARCADE-2 excess. However, we note that both of these models require considerable annihilation rates to e + e − pairs in order to produce the hard spectrum of the observed signal. These models are strongly constrained by local measurements of the positron fraction by AMS-02. In particular, our case II and case III models feature annihilation cross-sections directly to e + e − final states of 2.8 × 10 −27 cm 3 s −1 and 1.1 × 10 −27 cm 3 s −1 respectively, both of which are currently ruled out by AMS-02 observations [66] . Since hard electron populations are necessary to explain the spectrum of the ARCADE-2 excess, it was recently argued that AMS-02 observations may rule out any dark matter interpretation of the signal [67] .
However, we note that this constraint can be lessened somewhat in scenarios where the dark matter annihila-
The allowable parameter space for the termination of the dark matter substructure contribution r sub and the minimum magnetic field strength in the cluster B * sub for dark matter with the parameters of Case II (left) and Case III (Right). The contours refer to the best χ 2 fit of the dark matter induced synchrotron signal to the spectrum and intensity of the ARCADE-2 excess, after allowing the annihilation cross-section to float, but removing any model that overproduces the anisotropy observed by [22] .
tion event does not directly produce leptonic pairs, but instead annihilates through a dark force mediator with a mass m φ m χ , which itself decays to standard model pairs. In this case, the same fraction of the dark matter annihilation power is still transferred into e + e − , but the spectrum is smeared out by the kinematics of the light force mediator. It is easy to estimate the effect of a light mediator on the AMS-02 constraints obtained by [66] by noting that annihilations to µ + µ − approximate annihilations through a light mediator so long as m χ m µ and the internal bremsstrahlung of muons is neglected. However, the muon decay also produces relativistic neutrinos which carry away 2/3 of the total muon energy. Thus, the constraints from annihilations through a light mediator are approximately a factor of 3 stronger than annihilations through µ + µ − , and approximately a factor of 3 above the constraints from direct annihilations to e + e − . Taking the constraints of [66] and re-normalizing the local density from a value of 0.4 GeV cm −3 to 0.3 GeV cm −3 , we obtain very approximate constraints on the annihilation of dark matter through a light mediator to e + e − pairs of 5 × 10 −28 cm 3 s −1 and 1.5 × 10 −27 cm 3 s −1 for dark matter masses of 8 GeV and 23 GeV respectively. While this appears to still create tension with case II, case III remains consistent with AMS-02 constraints. Furthermore, we note that the existence of a light mediator in charge-coupled models (such as case III) is particularly well motivated. In this class of models, the role of m φ is typically filled by a dark photon which kinetically mixes with the standard model photon. In the case that the mass m φ lies above twice the τ mass, the scenario above can be replicated. We note that the generic properties of charge-couple scenarios remain consistent even for masses of m φ ∼ 1 GeV, where the dark matter is kinematically forbidden from annihilating to bb and τ + τ − final states. Finally, we note an additional constraint from cosmic microwave background (CMB) experiments such as Planck. Annihilations to e + e − produce reheating in the early universe which alters the properties of recombination [68] . These constraints are particularly difficult to avoid in ARCADE-2 models, due to the fact that every electron which contributes to the synchrotron signal from the ARCADE-2 excess also contributes to the reheating of the early universe. Predictions for Planck sensitivity indicate that our models are expected to lie on the precipice of Planck detection or constraint.
V. ENHANCEMENT FROM ALFVÉN REACCELERATION
In the standard scenario, e + e − produced via dark matter annihilation cool via synchrotron and inverseCompton scattering. Upon losing the majority of their energy to these processes, the electrons remain nonrelativistic indefinitely. However, it is possible for these e + e − to be reaccelerated by turbulence in the ambient medium, allowing these electrons to again produce synchrotron emission. This offers a separate method for substantially enhancing the dark matter synchrotron flux, in addition to dark matter substructure and strong magnetic fields. Interestingly, the Alfvénic reacceleration of low-energy e + e − is particularly effective in the outer regions of galaxy clusters, where the gas densities are negligible, meaning that electrons lose energy primarily via inverse Compton scattering and synchrotron radiation, and can survive in the intra-Cluster medium for extremely long periods without annihilating or recombining with ionized gas.
Observations of radio halos indicate that cluster mergers can produce energetic Alfvén waves that channel energy from the cluster collision into the acceleration of charged particles in the intra-Cluster medium [69, 70] . Through interaction with Alfvén waves, electrons can be accelerated to energies as high as ∼ 5 GeV, an energy which is compatible with fits to the ARCADE-2 excess [71, 72] . In some models, cluster shocks are even capable of providing enough energy to explain the entirety of the ARCADE-2 signal through the reacceleration of thermal electrons. Additionally, cluster shocks provide the larger magnetic fields necessary in order to efficiently convert electron energy into synchrotron radiation [55] [56] [57] . However, these models depend sensitively on the properties of cluster shocks in both major and minor mergers. The exploration of this parameter space lies outside the scope of this text, but will be investigated in future work [73] .
In this paper, we estimate the enhancement to the dark matter annihilation luminosity from Alfvén reacceleration of the leptons produced in the initial annihilation event. We follow the qausi-static calculation of the injected power in Alfvén waves from Brunetti et al. [71] :
n th (r) n th (r = 0) 5/6 (33) where P A (r = 0) is the injection rate of the Alfvén waves in the center of the cluster, which is set to be 10 −29 erg s −1 cm −3 [71] . n th is the radial density profile of the thermal gas in the intercluster medium, in the form [74] :
where r c is the core radius and β is the profile index, for which we adopt β = 0.6. The Alfvén modes are estimated to last for τ A ∼ 0.5 − 0.7 Gyr for a Coma-like cluster [71] . We further assume that τ A scales as M 0.3 for halos of different masses. Noting that Alfvén waves provide a reaccelerated electron spectrum that is highly peaked at an energy of ∼5 GeV [71, 72] , similar to our dark matter models, in this work we do not consider changes to the electron spectrum due to Alfvén reacceleration (essentially assuming that Alfvén waves maintain electrons at their steady state energy distribution).
In our simplified model, the impact of Alfvénic reacceleration on the effective dark matter profile is taken into account by a modification to the effective dark matter annihilation rate S eff (as defined in Eqn. 17), which compares the Alfvénic power to the annihilation power:
Here η A is the efficiency of the Alfvén waves in reaccelerating the electrons. We take η ≈ 0. 14 M halo at z = 0.1, for cases where only dark matter from the main halo contributes to the annihilation rate (case A, black dotted), where dark matter substructure contributes up to a maximum radius r sub = 4 rvir with a minimum magnetic field strength B sub = 4 µG (case B, also case II in Sec. IV), and where there is no substructure or minimum magnetic field contribution, but electrons can be reaccelerated by Alfvén waves with a central power of PA(r = 0) = 10 −29 erg cm −3 s −1 and a duration of τA = 0.5 Gyr (case C).
despite the fact that most of the wave energy would first be converted into cosmic ray protons, it would finally be channeled into electrons and positrons through the inelastic interactions of protons with the ambient gas [72] . The value τ cluster ≈ 10 Gyr is the age of the galaxies and clusters, and E e ∼ m DM /2 is the typical energy of electrons from the dark matter annihilation.
In Figure 7 we compare the effective annihilation profile from a 10 14 M halo at z = 0.1 for three different leptonic acceleration scenarios: case A shows the square of the effective dark matter density from the main halo after the fractional contribution of electrons to synchrotron radiation is taken to account, but without any substructure contribution, so that ρ and an extension to r A ∼ 4 r vir . Interestingly, we find that the effective annihilation profiles of cases B and C are nearly identical at distances far from the profile center, suggesting that reacceleration could efficiently recycle the relativistic electrons from dark matter annihilation and relax the large substructure boost factors and magnetic fields employed in Section IV.
In Fig. 8 we calculate the intensity and anisotropy of the synchrotron signal in Case C, for the case of an 8 GeV Fig. 3 , but for Case C as described in Sec V. Specifically, the dark matter is assumed to have a mass of 8 GeV and annihilate democratically to leptonic final states (33% to e + e − , 33% to µ + µ − and 33% τ + τ − ) [13, 64, 65] . In addition, the dark matter is assumed to follow a NFW profile, but the electrons from the annihilation are assumed to undergo reacceleration in the Alfvén waves powered by the cluster mergers [71, 72] . This model provides a χ 2 = 55.53 fit to the excess data while remaining consistent with the upper limits from the radio anisotropy studies.
dark matter particle annihilating through the democratic channel with a cross section of 1.6 × 10 −27 cm 3 s −1 . Notice that in this case, neither the contribution from an extended substructure distribution nor an extended magnetic field is necessary (B sub = 0). These results indicate that the Alfvénic reacceleration mechanism could effectively reproduce the intensity of the ARCADE-2 excess while maintaining consistency with anisotropy constraints.
However, we note several important caveats to the currently presented calculation of Alfvénic reacceleration. In this paper, we have assumed that Alfvén reacceleration occurs equally in all dark matter halos of equivalent mass, and have simply multiplied the luminosity from reaccelerated electrons in all halos by τ A in order to capture the transient and stochastic nature of these events.
This provides a correct calculation for the total intensity from Alfvén reacceleration, but underestimates the total anisotropy from this mechanism. Secondly, we have employed an approximate calculation of Alfvénic reacceleration and extended its effect to r sub = 4 r vir . A full calculation of the effectiveness of reacceleration must include the direct calculation of the coupled magnetichydrodynamic equations. We will take into account these factors in future work.
VI. DISCUSSION AND CONCLUSIONS
We find that the isotropy of the ARCADE-2 excess strongly constrains dark matter interpretations of this signal. Models are forced into a relatively unsavory portion of the parameter space. Large magnetic fields must extend to several times the cluster virial radius, and the annihilation boost factors from dark matter substructure must be relatively large, compared to the recent constraints from [50] . Moreover, it is difficult to produce the significant e + e − fluxes from dark matter annihilation in lieu of constraints from AMS-02 and Planck.
However, it is worth noting that despite these issues, dark matter remains a relatively viable method for explaining this peculiar excess. Notably, dark matter models offer the unique ability to create significant emission on cluster scales, decreasing the anisotropy observed by radio telescopes. Astrophysical sources that trace large scale structure, such as AGN, radio galaxies, and star forming galaxies, are strongly ruled out by the analyses of Holder [22] and Vernstrom et al. [27] . Competing models that have been produced to explain the observed isotropy of the ARCADE-2 data have also invoked novel physics, such as a phase transition at redshift z=5 [26] .
Interestingly, mechanisms such as Alfvénic reacceleration may significantly weaken many of the constraints on dark matter models, by providing additional power in the intra cluster medium of the largest galaxy clusters. Due to uncertainties in the substructure boost factors and magnetic field strengths of galaxy clusters, as well as the energy density of Alfvén waves, it is difficult to precisely compute the interplay between the substructure and reacceleration scenarios without a precise understanding of each process. However, it is clear that both methods are independently powerful enough to produce the entirety of the ARCADE-2 excess, while remaining consistent with the observed anisotropy.
Given the difficulty of fitting the ARCADE-2 data with any known astrophysical mechanism, dark matter annihilation remains a reasonable explanation for the ARCADE-2 excess due to the relatively high Bayesian prior on dark matter annihilation provided by the WIMP miracle. Viewed in this light, the tension between models of the ARCADE-2 excess, and constraints from AMS-02 offers the exciting promise for future confirmation of dark matter models of the ARCADE-2 excess.
